SESHADRI CONSTANT FOR A FAMILY OF SURFACES 
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Abstract. The aim of this note is to study local and global Seshadri constants for a 
family of smooth surfaces with prescribed polarization. We shall first observe that given a 
being smaller than the square root of the degree of polarization, the set of local Seshadri 
constants in the range (0,a] is finite. This in particular implies that the square root of the 
degree of polarization is the only possible accumulation point of the set of local Seshadri 
constants. Next we shall remark the Zariski closedness of the set of points whose local 
Seshadri constants are in any given interval (0,a]. As applications, we shall also add a 
few remarks on the lower semi-continuity of both local and global Seshadri constants with 
respect to parameters involved, and on the minimality and the maximality of their infimum 
and supremum. 



1. Introduction - Background and Results 

All the results in this note were entirely inspired by many interesting phenomena 
concerning Seshadri constants of algebraic surfaces being observed by Thomas Bauer 
([Bl], [B2], [B3]), and are nothing more than supplements for his works. New idea here 
is to study Seshadri constants for a family of surfaces, and perhaps, to regard Seshadri 
constants as a function of involved parameters a bit more consciously. 

Throughout this note, we work over an algebraically closed field k of any character- 
istic. A point means a closed point and a curve means an irreducible, reduced, complete 
curve, unless stated otherwise. A polarized surface is a pair of a smooth projective ir- 
reducible surface X and an ample invertible sheaf L. By a family of polarized surfaces 
(/ : X — > £>, £), we mean a proper flat morphism / : X — > B over an irreducible (non- 
empty) noetherian scheme B together with an /-ample invertible sheaf C such that the 
fibers (X t ,C t ) (t G B) are all polarized surfaces. Note that the intersection numbers 
d := {CD are independent of t G B. We call this integer the degree of (/ : X — > B, C). 
Note also that a polarized surface is nothing but "a family of polarized surfaces over 
Spec fc" . 

Let (X, L) be a polarized surface of degree d. As well-known, for a given point 
x G X, the local Seshadri constant e(L,x) of (X, L) at x is defined to be e(L,x) := 
mf xe c(L.C)/m x (C), where m x (C) is the multiplicity of C at x and the infimum is 
taken over all curves C C X passing through x. It is also well-known that e(L,x) = 
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max{s G R\tv*L — sE is nef.}, where ix : X — > X is the blow up at a; 6 I and i? is 
the exceptional curve. Therefore, as observed by A. Steffens [S, Proposition 4], the real 
version of the Nakai-Moishezon criterion [CP] implies < e(L, x) < Vd, and e(L, x) G Q 
unless e(L,x) = \fd and \fd G" Z. (See also Lemma (2.1).) The global Seshadri constant 
e(L) is defined to be e(L) := mf xe xe(L,x) ([EL], [B3, Section 1]). Then, one has also 
< e(L) < v^, where the first inequality is because of the well-known criterion of 
ampleness due to Seshadri. 

The first aim of this note is to observe the following finiteness: 

Theorem 1. Let (/ : X — > B,jC) be a family of polarized surfaces of degree d and set 
E := {e(Ct, x t)\t G B,x t G X t }. Then, for each given number a G R swc/i £/ia£ a < v 7 ^, 
£/ie set E n (0, a] is finite. In particular, the only possible accumulation point of the set 
E is \fd (and the accumulation would be, of course, from the below if it happens). 

This result was inspired by [B3, Theorem 2.1], in which very precise possiblities of 
values e(L,x) belonging to the range (0,2) are given for surfaces (X, OxiX)) embedded 
into projective spaces by OxiX)- 

Combining this with Lemma (2.1), one immediately obtains: 

Corollary 2. Let (X, L) be a polarized surface of degree d. Then, e(L) G Q unless 
e(L) — \fd and \fd G" Z. In particular, e(L) G Q if \fd G Z. More precisely, there exists 
a point x G X and a curve x G C C X such that e(L) = e(L,x) = (L.C)/m x (C) unless 
e(L) — \fd. In particular, there always exists a point x G X such that e(L) = e(L,x), 
i. e. one always has inf xe x e(£, x) = min^x e(L, x) . □ 

Note that in [Bl] and [B2, Appendix by T. Bauer and T. Szemberg], the rationality 
of e(L) for quartic K3 surfaces and for polarized abelian surfaces is proved. 

The second aim of this note is to observe the following closedness: 

Theorem 3. Let (/ : X — > £>, C) be a family of polarized surfaces of degree d and set 
X(a) := {xt\t G B, Xt G X t , e(£t, x-t) < a }(c X), where a is any real number. Then, 
X(a) is Zariski closed in X . 

Theorem 3 together with an observation due to L. Ein and R. Lazarsfeld [EL, The- 
orem], in particular, implies the following slight refinement of their result: 

Corollary 4. Given a positive number < 5 G R, the set {x G X\e(L,x) < 1 — 5} is 
finite for each polarized surface (X, L) . □ 

The following semi-continuity is now also clear by Theorems 1 and 3: 

Corollary 5. 

(1) For each fixed t G B, the function y = e(x) := e(Ct,x) of x G X t is lower semi- 
continuous with respect to the I -topology of X t . In addition, if e(x) < \fd at a 
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point x G X t , then y = e(x) is lower semi- continuous at this x G X t also in the 
Zariski topology of X t . 
(2) The function y = e(t) := e(C t ) of t G B , where e(C t ) is the global Seshadri 
constant of (X t , Ct), is lower semi- continuous with respect to the I -topology of B. 
In addition, if e(t) < \fd at a point t G B, then y = e(t) is lower semi- continuous 
at this t G B also in the Zariski topology of B. 

Here, by the I -topology of a noetherian scheme S , we mean a topology of S in which the 
open sets are 0, S, and S — T , where T is a union of at most countably many closed 
subschemes of S , and a real valued function y = F(x) on a topological space S is said 
to be lower semi- continuous at a point x <E S if there exists an open subset U(c S) such 
that x G U and that F(x) < F(x') for all x' G U . □ 

This result was much inspired by work [Bl] on the global Seshadri constants of quartic 
surfaces: They are mostly constant but jump below at special locus in the moduli. 

In the light of Theorem 1, the values o~(Ct) := sup x eX {t(£t, %t)} for each t G B and 
cr(£) := sup t€ g{cr(£t)} might be of some interest. Concerning these values, combining 
our Theorems together with the fact that any union of countably many proper closed 
subsets does not cover the whole irreducible scheme if the base field is uncountable, one 
can immediately obtain the following: 

Corollary 6. Assume that the base field is uncountable. Then: 

(1) There exists a dense subset U t C X t for each t G B such that o~(Ct) = e {£t, x t) 
for all x t G U t ; 

(2) There exists a dense subset U C B such that cr(£) = o~(£ t ) for all t G U. 

In particular, there also exist t G B and xt G X t such that a(C) = e(Ct,xt), again both 
supremum is maximum, and a(C) and cr(Ct) are all rational unless o~(£) = Vd and 
Vd^Z. □ 

There seems to be no known examples of (X, L) of degree d such that y/d G" Z but 
e(L, x) = Vd at some x G X . 

All of the statements are standard applications of the existence of the relative 
Hilbertscheme (eg. [K]) together with the well-known Lemma (2.1) below. 
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2. Proof of Theorems 

The following easy but remarkable Lemma is well-known ([CP], [S, Proposition 4]): 

Lemma (2.1). Let (X, L) be a polarized surface of degree d. Ife(L, x) < \fd, then there 
exists a curve x G C C X such that e(L,x) = (L.C)/m x (C). In particular, e(L,x) G Q 
unless e(L, x) = \fd and \fd ^ Z. □ 

Lemma (2.2). Let (/ : X — > £>, C) be a family of polarized surfaces of degree d. Let 
a G Q such that < a < \fd. Then, there exists an integer B := B(a), depending only on 
a, such that (Ct-Ct) < B for any points t G B, xt G X t and for any curve xt G Ct C X t 
with (Ct-Ct) /m Xt (C t ) < a. 

Remark. The idea of proof below was much inspired by [B3] and is indeed nothing more 
than a simple modification of arguments there towards our aim. 

Proof. Since the statement for C follows from the one for C® 1 for a positive integer /, 
by the Serre vanishing Theorem, we may assume that R % f*C® n = for all z > and 
n > 0. Then, ^(Cf 71 ) = for all t G B as well. Therefore, by the Riemann-Roch 
formula, one has h°(Cf n ) = x(Cf n ) = n 2 d/2 + nc/2 + c', where c and c' are integers 
independent of t G B. Since a G Q, there exists a sequence of integers such that rik > 0, 
rtfca G Z and that limfc^oo'n.fc = oo. Set l(nk) '■= h°(Cf nk ) — (nka + 2)(nka + l)/2. Then, 
l(rik) = (d - a 2 )n\/2 + (c — 3a)nt/2 + (c' - 1). Since d - a 2 > 0, one has l(rik) > 
for k being large. Set M := nk for one of such rik- Then, for any Xt G Xt, there exists 
an effective divisor Dt on Xt such that Dt G |£f" M | and that m Xt (Dt) > Ma + 1 by 
l(M) > 0. Let Ct C X t be a curve such that G Ct and that (Ct-Ct) /m Xt (Ct) < a. If 
Supp (Ct) ^ Supp(L>t), then, by the irreducibility of C t , one would obtain (Cf M .C t ) = 
(D t .Ct) > m Xt (D t ) ■ m Xt (C t ) > (Ma + l)(C t .C t )/a > (Cf M .C t ), a contradiction. Thus, 
Supp(C t ) C Supp(Dt). Since C t is also reduced and since C t is ample on X t , one then 
obtains (C t .C t ) < (C t .D t ) = Md. Therefore, B := Md provides a desired integer. □ 

Lemma (2.3). Let ai, b{ (1 < i < n) be positive real numbers. Then, mmi{ai/bi} < 
J2i=i a */ Er=i b i ^ ranxi{ai/bi}. 

Proof. Induction on n plus elementary calculation. □ 

Proof of Theorem 1 

Since e(C tl x t ) = e((£® n ) t , x t )/n for any t G B, x t G X t and for any positive integer 
n, we may assume that C is /-very ample. Set S := {e(Ct, Xt)\t G B,Xt G X t } fl (0, a]. If 
5 = 0, then the result is true. Therefore we may assume that 5^0. Let s = e(Ct, xt) G 
S. Since a < Vd, by Lemma (2.1), there exists a curve Ct C X t such that xt G Ct and 
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that s = (C t .C t ) /m Xt (C t ). Since there is a rational number a such that a < a < \fd, by 
Lemma (2.2), there exists an integer B (independent of s G S) such that (Ct-Ct) < B 
for all such pairs (x t G Ct) above. Since C t is very ample on X t , for each such x t E C t , 
there exists an element -Dt G |£t| such that xt G -Dt but y ^ D t for some y E Ct- Since 
Ct is irreducible, Ct and -Dt then meet properly. Therefore, by x t G D u we calculate 
1 < m Xt (C t ) < m Xt (D t ) • m Xt (C t ) < (D t .C t ) = (C t -C t ) < B. Since m Xt (C t ) and (C t .C t ) 
are integers, the possible pairs of values (m Xt (Ct), (Ct-Ct)) are then finite. Therefore, S 
is finite as well. □ 

Proof of Theorem 3 

By Theorem 1, we may assume that < a < \fd and a G Q. Let xt G X(a), 
where we denote t := f(xt) G B. Since a < yfd, by Lemma (2.1), there exists a curve 
Xt G C t C X t such that e(C t ,x t ) = (Ct-Ct)/m Xt (C t )- Let us consider the product 
TiP xg of the relative Hilbertschemes of points 7i° and the relative Hilbertschemes 
of one dimensional subschemes H 1 of our family (/ : X — > S,£) and denote by /C(a) 
the subset consisting of all [xt G Ct] as above (here, t E B also varies). Define 7i(a) to 
be the Zariski closure of /C(a) in 7i° Xg 7Y 1 . By Lemma (2.2), there exists an integer B 
such that (Ct-Ct) < B for all [xt G Ct] G /C(a). Therefore, the number of the irreducible 
components of the relative Hilbertscheme meeting K,(a) are then finite. Thus, 7i(a) has 
also finitely many irreducible components. Let H(a)i (1 < i < I) be all the irreducible 
components of 7i(a) and C(a)j — > T~C(a)i be the universal family. Note that the natural 
morphism C(a)j — > H(a)i — > £> is projective. Write /C(a)j = /C(a) fl H(a)i- Then Ti(a)i 
is the Zariski closure of /C(a)j. Take [xo G Co] G H(a)i and put to := f( x o)(= /(Co))- 
Note that here Co might be neither irreducible nor reduced, but is certainly Cartier on 

and then has no embedded points, because of the universal closedness of the rela- 
tive Cartier divisor functor for / : X — > B being smooth ([K, Page 18 Theorem 1.13]). 
Let r(x,y,h) = be the local equations of the pointed curves P(h) G C(h) in X such 
that [P(h) G C(h)] G li(c H(a)i), where U is a neighbourhood of [xo G Co], (x,y) are 
fiber coordinates of / around xo and h stands for the parameters of U(d Ti(a)i). Write 
P(h) = (x(h),y(h)). Then, for any given m, the locus such that mp{h)(C(h)) > m is 
defined by the vanishing of all the coefficients of terms of order < (m — 1) with respect to 
x — x(h), y — y(h) of r(x, y, h). Thus, {[y G D] G TC(a)i\m y (D) > m} is Zariski closed in 
H(a)i- Set M := min{m x (C)|[x G C] G /C(a)J and take \x' G C'\ G /C(a); such that M = 
m x ,(C'). We set t' := f(x'). Then, the set N(a)i := {[y G D] G H(a) l \m y (D) > M} is 
Zariski closed in H(a)i and contains /C(a)j. Since H(a)i was the Zariski closure of /C(a)i, 
we have then H(a)i = Af(a)i- In particular, m :EQ (Co) > M. Since(£t -Co) = (Cf-C), 
we obtain (£t -Co)/m Xo (C ) < (C to .C )/M = (C t > -C) /m x >(C). Combining this with 
(Ct' -C) jm x i(C) < a (the definition of /C(a)j), one obtains (£t .Co)/m :Eo (Co) < a as 
well. Let Co = a jEj + ^-^z be the irreducible decomposition of Co such that 
xo G Ej but xo i 7 ). Since £t is ample, one has (£t .Co) = J2j aj(Ct -Ej) + 
Ysi b i(C to -Fi) > J2j a j(£t -Ej). One also has m X() (C ) = T,j a j m x ( E j)- Then, by apply- 
ing Lemma (2.3), we get J2j a j(^t t) -Ej)/ J2j a j m x ( E j) > m ^j{(^t - E j)/ m x ( E j)}- Set 
mmj{(Ct .Ej)/m Xo (Ej)} = (Ct -Ei)/m Xo (Ei). Now, combining all these together, we 
calculate (£ t() .Ei)/m Xo (£i) < Y j "i ! . • E j ) •"' 11 j " / "' r , ( /•'/ ) < (£t .C )/m :Bo (Co) < a. 
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Since e(C to ,x ) < (C to .E 1 )/m Xo (E 1 ) (because E\ is now irreducible and reduced), we 
obtain e(jCt i x o) < a. Set X(a)i := Im(prj i : C(a)i — > Af), where pr^i is the natural 
evaluation morphism (from the first factor) given by C(a)i 3 (x, y) h- > x G A\ (Remind 
that C(a)i is a subscheme of the universal family of TC° Xg Ti .) Then, by e(Ct , xq) < a 
and by [xq G Co] G H(a)i, we have Af(a)i C Af(a) and Li( =1 X(a)i C A'(a). On the 
other hand, by the definition of H(a)i, we have in apriori X(a) C ui =1 X(a)i. Therefore 
X(a) = U I i=1 X(a)i. Since / : X — > i3 and the natural morphisms C(a)j — > i3 are all 
proper, pr^i are also proper. Hence, X(a)i are all Zariski closed in X, therefore, so is 
their finite union X(a). □ 
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